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A number of free boundary flows of incompressible fluids under gravity 
have been shown to depend upon the solution of nonlinear integral equations 
[ 1,2,4, 7,9]. However, in many cases the proof of existence of solution of the 
integral equation was not achieved. In those cases where the existence was 
shown [2, 91, the convexity of the free boundary was indispensable. But for 
many problems the free boundary is not necessarily convex. We investigate a 
typical problem of this type by use of fixed point theorems for operators in 
Banach spaces. We establish existence of a class of sluice gate flows for high 
Froude numbers and also show that the nonlinear operator whose fixed 
points represent these flows is a contraction operator in some cases. 
Consider the steady plane irrotational flow of an incompressible inviscid 
fluid through a sluice gate in a constant gravitational field. In the complex 
z-plane (Fig. l), the flow moves from left to right above the infinite wall AD 
FIG. 1. Flow through the sluice gate. 
and below the semi-infinite wall ABC and the free boundary CD. (Points 
where identical velocities occur are given the same letters.) The following 
physical parameters are considered to be given: the inclination rrr/2, 
0 < y < 1, of the sluice gate BC, the constant acceleration of gravity g, the 
total flow rate Q (area of fluid entering the channel per unit time), and the 
speed qc at C. 
471 
Copyright Q 1976 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
412 GORDON E. RITCHIE 
1. DERIVATION OF THE INTEGRAL EQUATION 
The flow is established by finding a complex potential w = U + if’ 
that satisfies: 
(a) w is analytic in the interior of the region of the flow, 
(b) dw/dx is continuous in the closure of this region, 
(c) / dw/dz 1 = qc at C, 
(d) T,- = Q on ABCD and I’ = 0 on AD, 
(e) 4a/2 + gy = constant on the free boundary CD, where q is the 
speed and x = x + z&L 
Following [2] we shall find such a flow as the limit of finite jet approxi- 
mations (Fig. 2), in which the free boundary does not extend to infinity. In the 
approximations condition (d) requires V = Q on ABCDE and V = 0 on AE. 
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FIG. 2. The finite jet approximation. 
Letting 6 be the inclination of the velocity vector, the complex velocity is 
given by qe+ = -dw/dz. Define the complex variable v by 
z+’ = qe-“O/qc = -(l,‘qc) (dw/dz). (1) 
The points in the vy-plane corresponding to points in the z-plane are shown 
in Fig. 3. This plane is commonly called the hodogruph plane. 
If the flow were free of gravity, the curve CD in the hodograph plane 
would by requirement (e) be a unit quarter circle. With this in mind, we seek 
a conformal map f from the unit quarter circle (in the <-plane) to the domain 
FIG. 3. The hodograph plane. 
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in the v-plane. Thus, the mapfrepresents the effect of gravity on the complex 
velocity. In the c-plane the point A is placed at 5 = 01, 0 < (Y < 1 and E at 
5 = l , 01 < E < 1. (Later a strong restriction will be placed on the choice of 01, 
and E will be allowed to approach 1.) Therefore, the problem is reduced to 
finding a function 21 =f(l;) that satisfies 
(i) f analytic for [ 5 1 < 1 and continuous for j 5 1 < 1, 
(ii) f(t;) real for 5 real andf(5) p ure imaginary for 5 pure imaginary, 
(iii) f(0) = 0 andf’(0) > 0, 
(iv) f maps CD according to the shape of the free boundary given by (e). 
We seek flows that have 8 > 0, which we shall callfulling solutions. 
For f to satisfy conditions (i), (ii), and (iii) it is necessary and sufficient 
that f take the form 
f(5) = % a2,+,Pf1, (2) 
where a, > 0, each ua,,+i s real, and lim sup 1 uzn+i j1/(2n+1) < 1. 
On the free boundary 5 = e is, 0 < s < 7~12, define real valued functions T 
and + by 
f(eis) = exp[r(s) + i+(s)]. (3) 
Since a, > 0 and each u2n+l is real, there are real numbers (bzn} such that 
Y(S) + i[+(s) - s] = f b2,ePnis. 
0 
Separation into real and imaginary parts yields 
and 
Upon defining 
f)(s) - s = f b,, sin 2ns 
0 
Y’(S) = -2 5 nb2,, sin 27~s. 
0 
L(s, t) = 1 t + sin 2ns sin 2nt, 
it is easily verified that 
f+(s) = s - Jon’*qs, t) r’(t) dt (4) 
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because Fourier series may be integrated termwise and the functions {sin 2nt) 
are orthogonal on [0, ST/~]. 
To investigate condition (iv), we first find an expression for dyldx in terms 
off. The complex potential w in the b-plane corresponding to the flow in the 
z-plane is obtained by the circle theorem [6, p. 1571 as 
Therefore, it follows that 
dw 2$&Y” + a-2 - 2 - c-2) gp - 1) 
-Jr=- T([2 - 2) g-2 - e-2) (5” - a”) ((2 - a-“) * 
Then, by the chain rule dz/d[ = (dz/dw) (dw/dt;) and (I), 
dx 2Q(iu” + 01-r - E2 - e-2) ((5” - 1) 
;i4 = n-qcfqg (<’ - 3) (4” - c-2) ((2 - cd’) ((2 - a-‘) . 
Setting 5 = eir and equating imaginary parts result in 
4 $2 -= 
ds 
3q h,(s) e-“r(s) sin y4(s), 
C 
where 
(5) 
h,(s) = 
12(ci” + ap2 - 3 - c-“) sin 2s 
n(c” + E-* - 2 cos 2s) (a’ + a-2 - 2 cos 2s) . 
Note that lim,,, h,(s) = h(s), where 
I*(s) = 5 (a’ + a-* - 2) cots 
?T lx2 + a-2 - 2 cos 2s * 
Furthermore, h,(s) < h(s), and for each E there is a number M, such that 
h,(s) < AC . 
Now, using (1) and (5), th e d erivative of(e) with respect to s takes the form 
yu’(s) &r(s) = - jf& h,(s) e-~~(~) sin r+(s), 
c 
from which it follows that condition (iv) off is equivalent to 
r’(s) = - $ h,(s) u(s) [ 1 + /:’ AC(o) U(U) do]-’ 
(6) 
sz - $ F,[s . u(s)]? 
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where 
u(s) = c sin y+(s) 
and c = gQ/qC3, which is the reciprocal of the Froude number. 
By (4), (6), and (7), the conditions (i)-(iv) onf imply 
(7) 
u(s) = c sin ys + [ jo% t) F,[t, u(t)] dt] . 
For falling solutions qD/qC > 1. From (l), (3), and (6), it follows that 
We are now able to interpret the problem in terms of an operator in a 
Banach space. 
THEOREM 1. For a finite jet approximation with 0 < E < 1, 0 < c, and 
(qo/qC)3 - 1 < d to have a falling solution, it is necessary and suJicient that 
the operator cK, , where K, is defined by 
K,u(s) = sin (rs + Jor”L(s, t) F,[t, u(t)] dt) , 
have a Jixed point u in the convex set 
K,*, = /u E qo, 421: 0 < u(s) < c sin yz-12, [ni2 h,(t) u(t) dt < d/ 
0 
normed bq 
II u lb = sup I w * 
Proof. The above derivation shows that if there is such a flow, then the 
fixed point u must exist. To prove it is sufficient, we assume the fixed point u 
exists. Let 4 be defined by 
4(s) = s + $ [;“L(s, t) F,[t, u(t)] dt, 
and let r be defined by (6) and r(~/2) - 1. Note that Y so defined is continuous 
since h,u is integrable. Now (4) holds, and by reversing the steps (2) through 
(4) we find that there are real numbers (a2n+l} such that 
exp [+I + irb(s)l = $ a2n+l exp [(2n + 1) is]. 
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We define f by (2) and proceed to show that it satisfies conditions (i)-(iv). 
Since the coefficients are real and the functions (sin(2n + 1)s) are orthogonal, 
4 
s 
fll2 
a2n+l = 7 er(8) sin d(s) sin(2n + 1) s ds. 
0 
Since r is continuous, the coefficients {azntl> are bounded; so 
lim sup j a21a+l I1lcen+l) < 1. 
Thus conditions (i)-(iii) onfare satisfied. By (6) condition (iv) is also satisfied. 
BY (0 (~D/~c)~ - 1 G 4 and the theorem is proved. 
Because h, < h we have the following. 
COROLLARY. For a jinite jet approximation with 0 < E < 1, 0 < c, and 
h/d3 - 1 G d t o h ave a falling solution, it is sufficient that the operator 
cK, have aJixedpoint u in the convex set V, = V‘a,l . 
2. EXISTENCE OF FINITE JET SOLUTIONS 
We shall use the Schauder Fixed Point Theorem [5], p. 1241 to prove the 
existence of a solution. Therefore, we need the following terms. An operator is 
compact if it transforms bounded sets into relatively compact sets, and it is 
completely continuous if it is continuous and compact. 
In order to show that the operator cK, has these properties, we must first 
take a closer look at the kernel L(s, t). First, we note that 
L(s, t) = + In 1 
sin(s + t) 
sin(s - t) . 
To see this the identity 
gives 
In( 1 - eiU) = - f $ (cos nw + i sin nw) 
72=1 
ln12sin$/ = -~lt,,,.,. 
In this put w = 2(s + t) and w = 2(s - t) in turn and subtract, thus getting 
the desired result. The important consequence of this expression for L(s, t) is 
that it allows L(s, t) to be shown nonnegative easily. 
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LEMMA 1. 
J‘ooT’*L(s, t) h(t) dt < ; (f - s) . 
Proof. Note that 
and 
s n/2 cot t sin 2t dt = rr/2 0 (9) 
s nl2 cot t[sin 2(n + 1) t - sin 2nt] dt = 0 for n = 1, 2, 3 ,.... 0 
Therefore, it follows by induction that 
s n/2 cot t sin 2nt dt = n/2 for n = 1 2, 3,.... 0 
Approximate cot t by an increasing sequence {cm} of bounded functions, so 
that 
1 =“L(s, t) c,(t) dt = -$ $ t sin 2ns jr’* sin 2nt cm(t) dt. 0 0 
Then, applying the monotone convergence theorem and (9), 
t) cot t dt = t + sin 2ns. 
The result then follows by recognizing the series on the right as 42 - s and 
using h(t) < (6/7r) cot t. 
In the following it will be important that cK, acts in V, . In the proof of the 
next theorem this will be shown to be true for given values of c and E, provided 
01 is chosen so close to 1 that inequality (11) holds. We shall assume 01 is so 
chosen throughout the remainder of the discussion. 
THEOREM 2. GivenO<y~l,O<c<1,andd>O,thereisafinitejet 
approximation that has a falling solution satisfying (qD/qC)3 - 1 < d. 
Proof. First we prove that cK, acts in V?d . Suppose u E%~ and 
sr , s, E [0,77/2]. Then 
I Ws2) - K&,)1 < Y I ~2 - ~1 I + + j 
n/2 
I L(s2 , t> - L(s, , t)l dt. 
0 
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By the Schwarz inequality, 
II2 I-&, , t) - L(s, , t)l dt < [F j;” 1 L(s, , t) - L(s, , t)l’ dt)“: 
Upon integration of the right side, using the orthogonality of {sin 2nt}, we 
have 
J 
.rr,‘2 
I L(s, , t) - L(s, , t)l dt < : i $ $ (sin 2ns, - sin 29zs,)a 1’2. 
0 I 
From 
and 
I sin 2ns, - sin 2ns, j < 2 sin n 1 sa - sr j 
g -$ sin’ n 1 s2 - s1 I = +- [ sz - s1 / (77 - j sy - s1 I), 
it follows that 
1 K,u(s,) - K,u(s,)i < y I s, - sr [ + T / sz - sr Ill” (n - 1 s, - sr \)l/*. 
(10) 
According to (lo), Ku is continuous. Since 
we have 
h,(t) < h(t) and u(t) < c sin yrr/2 < 42, 
by Lemma 1. 
To prove that u E %Cd implies that Jo”” h(t) Ku(t) dt < d, we place a 
condition on the point 01 where A is placed in the l-plane. Since 
77 ‘2 
L% s 
’ th(t) dt = 0, 
0 
we can choose 0 < a: < 1 so that 
Then E may be any number such that OL < l < 1. Now 
(11) 
jo*” h(s) cK,u(s) ds < cy j-;‘* sh(s) ds + $ jri2jmi2 h(s) L(s, t) h(t) u(t) dt ds. 
0 0 
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By Tonelli’s Theorem [8, p. 2341, we may change the order of integration in 
the second term. Using Lemma 1 and (ll), we have 
I 
n/2 
h(s) cK,u(s) ds < (1 - c) d + cd = d. 
0 
Thus, it is shown that cK, acts in %Yd. 
Next, we show that K,’ is continuous on VZd. Suppose ur , ua E%~. On 
getting a common denominator and a suitable addition and subtraction, it can 
be shown that 
Finally, we prove that cK, is compact. Suppose Y is a bounded set in %?‘d . 
As a result of (lo), {Ku: u E Y’p> is bounded and equicontinuous, so it is 
relatively compact by the Arzela-Ascoli theorem [3, p. 2611. 
Now 59, is a bounded convex set in the Banach space V[O, 77/2] of continu- 
ous functions, and cK, acts in %d and is completely continuous. Therefore, 
it follows by the Schauder fixed point theorem that cK, has a fixed point in 
Gp, , and the theorem is proved. 
3. SLUICE GATE FLOW AS LIMIT OF FINITE JET APPROXIMATIONS 
AS E -+ 1, F,[s, u(s)] + F[s, u(s)], where 
F[s, u(s)] = &h(s) u(s) [ 1 + r” h(a) u(u) do]-‘. 
Therefore, we define the operator K by 
Ku(s) = sin ys + ( j-on’2W> t) F[t, u(t)] dt) 
and seek fixed points of the operator cK in the space 9?d . 
THEOREM 3. Given. 0 < y < 1, 0 < c < 1, and d > 0, there is a falling 
solution of the sluice gate problem satisfying (qo/qC)3 - 1 < d. 
The proof depends on the following lemma. 
LEMMA 2. lim,,, K, = K uniformb on V, . 
Proof. By obtaining a common denominator in the expression for 
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F[t, u(t)] - FJt, u(t)], noting that the common denominator is greater than 
unity, adding and subtracting h(t) u(t) ]I’” h(o) U(U) da, and using 
O G CTi2 h(a) u(u) du < d and lul <I, ‘0 
it can be shown that for u E V, , 
<g jr”& t) [ / h(t) - h,(t)1 (1 + d) + h(t) I” / h(u) - h,(u)l u(u) du] dt. 
0 
The functions S~‘s L(s, t) 1 h(t) - h,(t)1 dt are continuous and decrease 
monotonically to zero as E + 1. Since [0, n/2] is compact, the convergence is 
uniform. 
The proof of the lemma will be complete when we show that 
lim ’ 
s 
=”r-11 o / h(u) - h,(u)/ u(u) da = 0 
uniformly for 24 E V;, . (12) 
We will use the uniform boundedness theorem [3, p. 401. 
To use this theorem, let Y be the closed set of points [0, d] and let 
/ x(t)1 u(t) dt < 00, u E%‘~; 
with norm jl x /Ix = sup so”” j x(t)1 u(t) dt, where supremum is taken over 
u E %d . It is clear that % is a normed linear space, so it is necessary only to 
prove it is complete. Suppose that {xn} is a Cauchy sequence in X; i.e., that 
lim sup 
s 
m’2 1 x,Jt) - x,(t)1 u(t) dt = 0. 
m.n+m 0 
This implies that {x,} converges in measure because there is a function 
u E V, such that u(t) > 0 a.e. Therefore, {xn} has a subsequence {xn,} that 
converges a.e. to a function x0 . Since {xn,} is a Caucy sequence, for every 
6 > 0 there corresponds an integer N such that 
m/2 
SUP J I Xni+j(t) - q(t)1 44 dt -=c 6o 
for all i, i + j 3 N. Letting j + cc and using Fatou’s lemma, 
s 
r ;2 
sup / s,(t) - q(t)[ u(t) dt < 6; 
0 
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i.e., Since a Cauchy sequence with a convergent subsequence is 
convz$zt;i -+ x0 . Furthermore, since 11 x,, 11% < [I x,, - xni 11% + jj x,~ j/s, 
it is concluded that x0 E%‘, and 9 is complete. 
We define the set 9 of bounded linear maps from X to %’ by 
9 = !A,: A,x = 
n/z 
i s 
x(t) u(t) dt, x E X, u E Vd 
0 
Note that % satisfies the conditions of the uniform boundedness theorem, so 
lim,,, A,x = 0 uniformly for A, E 9. This means lim,,, A,x = 0 uniformly 
for uEgd. Therefore, (12) is obtained by setting x = h - h, EX, and the 
lemma is proved. 
Since the operator K is the uniform limit of the completely continuous 
operators K, , it follows that cK is completely continuous (see [5, p. 151). Then 
the proof of Theorem 3 is complete by the Schauder fixed point theorem. 
Now it is not difficult to obtain fixed points of cK as limits of fixed points of 
cK, . Let l i be any sequence approaching 1 from below and ui be any cor- 
responding sequence of fixed points of cKi in Vd. Since K is compact, cKui 
has a subsequence cKui, convergent to some u in Vd . Then ui, converges to u 
because 
II Ui, - u II G II c&+, - cJ&, II f II cKuil, - u II - 
Thus u is a fixed point of cK because 
11 CKU - u /I < [/ CKU - cKu~,~I + // cKu~” - CK,i,UiJ + (1 u<,- u Ii . 
4. CONSTRUCTIVE METHOD OF SOLUTION 
We shall look for fixed points of cK in the space 
0 < u(s) < c sin y7r/2 a.e. on [0,7r/2], j-+ h(t) u(t) dt ,( d/ 
0 
with norm // u II& = so”” h(t) u(t) dt. According to (8), II u 11X = (qD/qc)3 - 1 
for fixed points of cK. 
It is to be shown that fixed points can be constructed numerically by the 
method of succestive approximations, i.e., as the limit of the sequence 
un = cKu,-i , where u. E .X?d is arbitrary. 
THEOREN Given 0 < y < 1 and 0 < c < 1, there is a falling solution of 
the sluice gate problem such that (qo/qC)3 - 1 < (1 - c)/c, and this solution 
may be obtained by successive approximations. 
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Proof. It is clear that CK acts in the space Xd since it acts in VC& . The 
proof that Zd is complete is only a slight modification of the proof in Lemma 2 
that X is complete. Therefore, sd is a closed convex subset of a Banach 
space. 
By obtaining a common denominator and adding and subtracting 
h(t) v(t) SI’2 h(u) V(U) da in th e numerator, it is easily shown that 
1 F+) - W)I < ‘9 [I u(t) - v(t)1 (I + s;r’* h(o) v(u) du) 
+ 1 v(u)1 l’j2 h(u) I u(u) - v(u)1 du] 
Since 
x [ 1 + Sin’ h(u) u(u) do]-’ [ 1 + l;j’ A(u) V(U) du]-‘. 
[ 1 + imil h(a) u(u) du]-’ < 1 for u E A?~ , 
it follows that 
1 WO - KG)/ < 3 /onilL(s, t) h(t) [I u(t) - z(f)1 + l v(t)1 1 u - z! 11~1 dt.
Interchanging the order of integration as allowed by Tonelli’s theorem and 
using Lemma 1 result in 
II Ku - Kv lIti < (1 + 4 II u - v II2 . (13) 
Therefore, cK is contractive [5, p. 1411 if c(1 + d) < 1, which is equivalent 
to d < (1 - c)/c. Using the contractive mapping theorem [5], the successive 
approximations converge to the unique fixed point of cK in A$ . 
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